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We consider matrices with entries from the set {0, 1 . . . . .  q - 1}. Suppose that Sk is a k x qk 
matrix having all poss~le k-tuples as columns. We determine the best possible bound/(m, k) 
with the property that if A is any mx([(m,k)+ 1) matrix of distinct columns, then some row 
and column permutation of A contains Sk as a submatrix. Our result generalizes a number of 
the results for q = 2 due to Anstee, Fiiredi, Ouinn, Sauer, Perles and Shelah, and is obtained by 
means of a simple inductive argument. Interesting matrices meeting the bound are constructed. 
A matrix A is said to contain another matrix F as a subconliguration if F is a 
submatrix of some row and column permutation of A. There are many examples 
of classes of matrices in combinatorial literature that may be described as matrices 
that do not contain subconfigurations belonging to a prescribed list of matrices. 
(For instance, balanced matrices are (0, 1)-matrices that do not contain as 
subconfiguration any matrix of odd size with all row and column sums equal to 
two. See Berge [2].) The notion of a minor of a matroid associated with a matrix, 
while not being the same as that of a subconfiguration, is closely related. Results 
concerning matrices with specified excluded subconfigurations are often helpful in 
studying representable matroids with specified excluded minors. See Murty [4]. 
We consider matrices with entries from the set 0, 1 , . . . ,  q -  1, and define the 
weight of a vector to be the number of non-zero entries in it. A matrix is simple if 
it has distinct columns. If k and s are two non-negative integers, we write C[ for a 
matrix with k rows and having all possible k-tuples of weight s as columns, and 
let Sk denote the matrix [r~kr, k-l,~k,..k . . .  C~C-~k]. Clearly Sk is a k x qk matrix having 
all possible k-tuples as columns. 
Many interesting extremal combinatorial problems reduce to a problem of the 
following general type: Given a simple matrix R, deteimine the largest number 
f(m, R) of columns an m-rowed simple matrix can have without containing R (as 
a subconfiguration). Except in a few simple eases, it is not easy to determine 
[(m, R). However, if R has k rows, then R is a submatrix of Sk, and hence it 
follows that [(m,R)<~[(m, Sk). Thus it is of interest o determine jr(m, Sk). 
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Consider the function f(m, k) defined as follows: 
" (7) f(m,k)= ~ (q-l) :. (I) i =m- -k+1 
There are m-rowed simple matrices with [(m, k) columns that do not contain Sk. 
One such matrix has each possible m-tuple of weight m - k + 1 or more as one of 
its columns. Since none of these m-tuples contains more than (k -1 )  O's, the 
above matrix does not contain Sk. It follows that f(m, Sk)>~[(m, k). That indeed 
[(m, Sk)=f(m, k) follows from the theorem below. It is a generalization of a 
result of Sauer [7] and Perles and Shelah [81. 
l 'heor~a 1. Let A be an m x i (m,  k) + 1) simple matrix. Then A contains S~. 
Proof. The proof is by contradiction and relies on the following recursion: 
f(m, k )=f (m-  1, k -  1)+ (q -  1)f(m - 1, k). (2) 
Suppose that the theorem is false and let m be the smallest integer such that there 
is an m x if(m, k) + 1) simple matrix A that does not contain Sk. Let A~. denote 
the m-rowed submatrix of A consisting of all columns which have an i in the first 
row. Let Bi be obtained from A~ by deleting its first row, i = 0, 1 , . . . ,  q - 1. Since 
A is simple, each Bi is simple, but the same (m - 1)-tuple may appear as a column 
of more than one B~. In fact there may be (m-  1)-tuples that appear as columns 
of all the B~, i = 0, 1 , . . . ,  q -1 .  Suppose that there are as many as [(m - 1, k - 
1)+1 such (m-1)-tuples.  Let Do, D : , . . . ,D4_ I  denote the submatrices of 
Bo, B : , . . . ,  B4_: respectively, with these (m - 1)-tuples as columns. By the choice 
of m, each D~ contains an Sk-1. But this means that A contains an Sk, a 
contradiction. Thus at most f (m-  1, k -  1) (m-  1)-tuples appear as columns of all 
the By Now it follows from (2) that [BoB~...  Bq_~] contains at least f (m-  1, k)+ 
1 distinct columns. But again, the choice of m implies that [BOB1...Bq_~] 
contains an Sk. But this implies that A contains an Sk, a contradiction. Thus the 
theorem is true. [] 
Bounds obtained by Anstee [1], Ryser [6] and Quinn [5], for q = 2, follow 
easily from Theorem 1 in the following result. 
Corollary?,. Le tA  be an m xf (m,  k) -~{(~-)(q-  1) i, i=0 ,  1 , . . . ,  w - l}+1)  sim- 
ple matrix with columns of weight at least w. Then A contains a copy of the 
submatrix of Sk consisting of the columns of weight at least w. 
Prod .  Add to A the ~ {(T)(q-1) i, i =0,  1 , . . . ,  w -1}  columns of weight less 
than w to form a simple matrix B of size m × i (m,  k)+ 1). By Theorem 1, B 
contains Sk. But then the columns of Sk of weight at least w must occur in A. [] 
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The inductive buildup of m x f(m, k) simple matrices with no Sk's is suggested 
in the following result. 
Corolim.y 3. Let A be an m x f(k, m) simple matrix with no Sk. Then any t rows of 
A contain a t × f(t, k) simple matrix with no Sk. 
Proof. Using the notation and the idea of proof of Theorem 1, we find that 
[BoBs. . .  B,-I] contains f(m - 1, k) distinct columns. Thus the last m - 1 rows of 
A contain an (m - 1) x f(m - 1, k) simple matrix with no Sk. The choice of the first 
row was arbitrary. The result now follows by iterating this procedure. [] 
We have already observed that there is an m x f(m, k) simple matrix that does 
not contain C'~k. The interesting result presented as Theorem 4 is that there are 
m ×/(m, k) simple matrices that do not contain C[. This generalizes results of 
Furedi [ 31 and Ouinn [ 5 l- 
Theorem 4. Let 0 ~ s <~ k. There exists an m × f(m, k) simple matrix that does not 
contain C~. 
Proof. We have already constructed such matrices for s = 0. We shall construct 
A,,(k, s) for O<s~k where A~(k, s) is an m x f(m, k) simple matrix with no C~. 
Note that for k > m, Am(k, s) will have all q"~ possible m-tuples as columns. In 
our inductive construction of Am(k,s), we will need to assume that A~(k,s) 
contains A~(k - l , s )  for k>s.  
The induction will be on m. We begin the construction by defining A~(1, 1)= 
[023. . .  (q - l ) ]  and Al(k, s )=[012. . ,  q - l ) ]  for k>l .  Assume that we have 
constructed all A~(k,s) for O<s<-k and for t<m, and that Ah(k,s) contains 
At (k - l ,  s) for k>s.  We now construct Am(k,s) as follows. 
Let Am(k, k) be the matrix with all possible m-tuples with less than k l's as 
columns. Note that Am(k,k) is an tax i (m,  k) simple matrix with no C[. For 
s < k, we define 
F 00. . .  0 
A.,(k, s) = | 
| 
ka , , (k - l , s )  
11. . .  1 22 . . .2  
A,,_l(k, s) A~_l(k, s) 
(q -  1)(q-  1) . . .  (q -  1)]. 
J (3) 
Certainly Am(k, s) is a simple matrix since A~_ l (k -1 ,  s) and Am_l(k, s) are 
simple by induction. Also Am (k, s) has 
.f(m- 1, k -  1)+ (q- 1)f(m- 1, k)=f(m, k) (4) 
columns by the recursion (2). For s < k, each row of ~ has O's. But then if 
Am (k, s) contains a C~ using the first row, then it contains a C[-1 under the O's of 
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the first row. But A,,,_l(k - 1, s) does not contain C~-1 by induction. We find that 
the last m-1  rows of Am(k, s) do not contain C~ since Am-l(k, s) does not 
contain C~ by induction. Note also that, by induction, Am-l(k - 1, s) is contained 
in Am_l(k, s). 
To continue the inductive construction we must verify that Am(k, s) contains 
Am (k - 1, s) for k > s. There are two cases, k > s + 1 and k = s + 1. For k > s + 1, 
the result follows by noting that Am-l(k, s) contains A~_ l (k -  1, s) which in turn 
contains Am_~(k -2 ,  s), by induction. Thus comparing Am(k, s) and Am(k - 1, s) 
in the construction (3), we deduce that Am(k, s) contains Am(k - 1, s). 
For k =s+ 1, we must show that Am(s+ 1, s) contains Am(s, s) which has all 
possible m-tuples of less than s l ' s  as columns. But we note that Am_~(s, s) has all 
possible (m-1) - tup les  of less than s l 's  and so Am(s+1,  s) has all possible 
m-mples of less than s l 's  with a 0 in the first row. Also Am_t(s + 1, s) has all 
possible (m - 1)-mples of less than s l 's  by induction. And so Am(s + 1, s) has all 
possible m-tuples of less than s l 's  with a 1, 2 , . . . ,  or q - 1 in the first row. Thus 
Am (s + 1, s) contains Am (s, s). 
Thus applying induction, the result holds. [] 
It is interesting to note that Am (k, s) does not contain the k x (~)(0, 1)-matrix of 
all columns of s l 's. Of course we could replace the pair {0, 1} by an arbitrary pair 
{i, j}~_{0, 1 , . . . ,  q -  1}. 
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